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Abstract

In this paper we prove an inverse inequality for the parabolic equation
ur — eAu+ M - Vu=gl,

in a bounded domain Q C R" with Dirichlet boundary conditions. With
the motivation of finding an estimate of g in terms on the trace of the
solution in O x (0,T) for ¢ small, our approach consists in studying the
convergence of the solutions of this equation to the solutions of some
transport equation when € — 0, and then recover some inverse inequality
from the properties of the last one. Under some conditions on the open
sets w, O and the time T', we are able to prove that, in the particular case
when g € H}(w) and it does not depend on time, we have:

92y <C (\U|H1(0,T;L2(O)) +€1/2|9|H1(w)) .

On the other hand, we prove that this estimate implies a regional
controllability result for the same equation but with a control acting in
O x (0,T) through the right hand side: for any fixed f € L?*(w) , the
L?—norm of the control needed to have |u(T)|. — fla-1(w) < v remains
bounded with respect to v if € < Cv2.
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1 Introduction

Let © C R™ be a bounded connected open set with I' := 99 € C? and let T > 0
be given.
We consider the following transport-diffusion equation:

yi+ M- -Vye —ecAy* = g¢l, inQx(0,7),
y = 0 onI'x (0,7), (1)
y°(0) = 0 in Q,

where £ > 0 is a constant (which is intended to be small), M € C}(Q)" is such
that div(M) = 0, g = g(x) is a z-dependent function and w CC ) is an open
set.

We deal with the following problem: given an open set O CC £, find an
estimate for g in terms of an observation of the solution of (1) in O x (0,T), for
small €.

Let us apply the time derivative operator to system (1). Then, since g =
g(z), the function 2z° = 9;y° satisfies

22+ M- -Vzf—eAzf = 0 in Q x (0,7),
22 =0 onT x (0,T), (2)
z¢(0) = gl, in€.

As long as this system is concerned, we would like to prove an estimate like

l9lly ) < Cll2%llxox0,1))> (3)

for some positive constant C' and for some spaces X and Y.

Nevertheless, if one chooses X = L?(O x (0,T)) and Y = L?(w), and as-
suming w \ O # (), estimate (3) is not true: observe that, in case (3) were true,
it would imply that the exact regional controllability of the adjoint system of
(2) holds, that is to say, it would imply that for each ¢° € L?(2), there exists a
control v € L?(O x (0,T)) such that the solution of

- — M-V —eA¢® = vlp inQx(0,7),
¢ = 0 on I' x (0,7), (4)
¢(T) = 0 in Q

satisfies ¢°(0) = ¢" in w. But we know that such a property is not true due to
the regularizing effect of the heat equation. Therefore, we have to look for a
weaker estimate than (3).

Our approach in this paper consists in proving that, under some geometric
assumptions, this type of inverse inequalities hold for the corresponding trans-
port equation for £ = 0 (see system (11) below) and to analyze the convergence



of the solutions of (2) towards those of the transport equation when ¢ goes to
zero. As a conclusion, we recover some inequality for the equation (2) for small
€.

In the sequel of this section we introduce the notation we will use through
all the paper, and the main results of the work.

Definition 1 e We denote by X(t,x) the characteristic curves of the vector
field M in R":

{ ZX(tw) =M(X(te) teR
X(0,2) ==z

for all x € R™.

e For each x € §Q, we denote by (7—(x),74+(x)) the connected component of
the set {t € R : X (t,x) € Q} which contains 0.

e For each A C Q:
Uyr(A)={X({t,z): z€A, 0<t<min{T,7(z)}}.
o We say that w Cprr O if

w CC \IJ_M7T(O)

Remark 1 Property w Cy,r O means that all the trajectories defined by M
starting in w intersects O during a positive interval of time before T. Indeed,
by continuity of X (t,x), there exists 09 > 0 such that for any x € w, we have
|O(x)| > dp > 0 (where | - | designs the Lebesgue measure), where

O(z)={t : 0 <t <min{ry(2), T}, X(¢t,z) € O}.

This not only involves geometric properties of w and O but, in particular, it
implies that
T > Ty :=sup{inf(O(x)) : = € w}.

Also we shall use the notation Ty = inf{inf(O(x)) : = € w}.
Through all the paper, we will assume the following:
viz) - M(z)#0 Vee¥yr(w)NT. (5)

Here, we have denoted v = v(x) the outward unit normal vector to T

Before giving our first result, we need the definition of the following space:
- Ho(w) if0<d5<1/2,

H(w) = (6)

HY(w) if1>8>1/2.

The main result of this paper is presented in the following theorem:



Theorem 1 Assume that w Cprr O. Then, there exists a positive constant C
and g9 > 0 such that for any § € (0,1] we have:

19122 (w) < CU2°|L2(m.1:L2(0)) + €%/ 19] 115 () (7)
Jor all g € HY(w) and & < g9, where z° is the solution of (2) associated to g.

Remark 2 Condition (5) means that the trajectories defined by M starting in
w do not intersect the subset of the boundary of € which is tangent to M.

In order to explain the second result of this paper, we introduce the follow-
ing system associated to our transport-diffusion equation with internal control
supported in O:

@G+ M-V —eA¢¢ = vlip inQx(0,7),
¢ =0 on T x (0,7), (8)
¢0) =0 in Q.

Our goal is to identify inequality (7) as an observability inequality for the adjoint
system associated to (8). Let us introduce it:

—@f — M -V —cAp* = 0 in Q x (0,7),
et =0 on T x (0,7), 9)
e (T) = ¢rl, nQ.

Here, o € L?(w) is the initial condition. With the change of variables ¢(t) =
o(T — t) equation (9) takes the same form as (2) (with velocity —M), and
therefore Theorem 1 directly implies the next result:

Corollary 1 If w C_py7 O, there exists a positive constant C > 0 and €9 > 0
such that for each 6 € (0,1], we have

lor|r2w) < C (|‘PE|L2(TO,T;L2(O)) +56/2|‘PT|H5(w)> (10)

Jor all pp € H*(w) and € < g, where ©° is the solution of (9) with ¢°(T) =
<)0T1lw-

Now, without the second term in the right hand side of (10), (that is, with
e = 0), this inequality would mean that equation (8) is regionally exactly
controllable (as it is the transport equation). We will show that with this
additional term, inequality (10) implies the existence of some kind of regional
exact controllability with corrector for equation (8), property which gives us
some information about the cost of the approximate controllability of equation
(8) for small €.

In order to explain these facts more precisely, let us do the following defini-
tion:



Definition 2 For each A, e, > 0 and f € L*(w), denoting ¢° as the solution
of (8) with control v € L*(O x (0,T)), we define

C2(f,7) = inf{|v|r20x(0,1)) : 14°(T) = flar-r@) < 7}
Then, we have:

Theorem 2 There exists C > 0 such that for each f € L*(w), v > 0 and
A € (0,1], there exists g > 0 such that

C2(f,7) < O|f12() Ve < &o.

Remark 3 In the proof of Theorem 2, we will see that the explicit dependence
of €9 with respect to f, X\ and v is

A
Ep = ( i )2/ .
| flL2(w)

This paper is organized as follows. In Section 2 we study all issues related
with the transport equation; in particular, we prove there the inverse inequality
for this equation. In Section 3 we analyze the convergence of the solutions of
the transport-diffusion equation (2) to the transport equation (11) when the
diffusion € goes to zero; with the help of this convergence we are able to prove
Theorem 1. Finally, in Section 4 we establish the duality schema and we prove
Theorem 2.

2 Inverse inequality for the transport equation

We consider the following transport equation:

z+M-Vz = 0 in Q x (0,7,
z =0 onT_ x(0,T), (11)
z(0) = g¢l, in€Q,

where I'_ :={x e T': M(x) - v(z) < 0}.
In the sequel, we will also employ the following notation:

Iy :={xel: M) vx)>0}, X;=TI;x(0,T),
Ip:={zel: M(z) v(z)=0}, Xo=Tox(0,T) and
Y_=T_x(0,7).

As far as this system is concerned, we know that for all g € L?(f2), system
(11) has a unique solution z which belongs to C([0, T]; L?(f2)) and which satisfies

1zlcqo,m:22)) < Clglre(w) (12)

for a positive constant C' > 0.



Now, we recall two regularity results for the solutions of (11), the first one
concerning its trace and the second one concerning its differentiability in space.
In the first one, we prove that, as long as L? initial conditions are considered,
the solution of (11) has finite trace in L?(3Xy) (see [2] for more general results):

Lemma 1 Let g € L?(w). Then, the solution of (11) satisfies z € L*(X) and
there exists a constant C > 0 such that

12|24y < Cl9lr2(w)

Proof:
Multiplying the equation in (11) by z, integrating in  x (0,7") and integrat-
ing by parts (recall that div(M) = 0), it is not difficult to see that

/\ |dx+// =21M - v|do dt = /|g| da. (13)

Now, since we have that the initial condition of (11) has support in w CC Q
and Q is bounded, by (5) we deduce that

IM(z) -v(z)|>n>0 Vze supp(z)NT (14)
for some n > 0.
Therefore,
22,y < 07 V2 2|2y Movlas)
and, with (13), the Lemma is proved. [ |

In the second one, we prove that the solution belongs to H'(£2) when the
initial data does:

Lemma 2 If g € H}(w) then z € C([0,T]; HY(Q)) and there exists a positive
constant C' such that

2leqo,rym @) < Clglmyw)

Proof:

Let us denote by g the extension by zero of g to all R”. Since g € Hi(w) we
have g € H'(R"), and 2 = go X(—t,-) € C(R; H(R")).

In [1] it is proved that the only singular points of the mapping T : ' xR —
R™ given by Y(x,t) = X(t, x) are those pairs (z,t) such that « € T'y. Then, from
to hypothesis (5) and the inverse mapping theorem, we get that the function z —
X (74 (z), ) (see definitions 1) is, in particular, continuous in w. Thus, assuming
without loss of generality that w is connected, we have that ¥y, r(w)NT is also
connected, and hence ¥ r(w) = {X(t,2) : v €w,0 <t < oo} N

Then we can take a cut-off function ¢ € C°°(R"™) such that ¢ = 1in ¥ r(w)
and ¢ =0 in R™\ V, where V is some neighborhood of ¥ 1 (w).

Therefore we have z = (¢Z)|q, which give us the desired result.

We prove now an inverse inequality for g:



Proposition 1 Assume that w Cprr O. Then, there exists a positive constant
C such that for all g € L*(w), we have:

1922wy < Clzlr2(1y,1:02(0)), (15)

where z is the solution of (11).

Proof:
Consider the following transport equation (backwards in time):
-y —M-Vy = 1p inQx(0,7),
y = 0 onI'y x (0,7, (16)
y(T) = 0 in Q.

Multiplying the equation in (16) by z2, integrating in € x (0,7) and inte-
grating by parts, it is not difficult to see that (recall that div(M) = 0).

/OT/O|Z|2dxdt:/Q|Z(O)Qy(o)d'r’

which readily implies that

T
/\g|2y<o)dx=/ /O|z\2dxdt.
w 0

Now, thanks to the hypothesis w Cps 7 O, we can prove that
0<do<y(0)inw

(see the Definition 1) and therefore the proof of the lemma is finished.
|

Remark 4 Observe that the solution of (11) z wvanishes in (0,Ty) x O. That
is the reason why the L? norm in the right hand side of (15) takes place in the
time interval (To,T).

3 The inverse inequality for (2) when ¢ — 0

In this paragraph we establish the convergence of the solutions of (2) to those of
(11) when ¢ — 0 as long as g € L?(w). Furthermore, as a consequence of (15),
we prove that this convergence implies in fact some observability inequality for
the solutions of (2) when ¢ is small enough.



3.1 The corrector

In order to prove this convergence and following classical ideas (see, for instance,
[10]), for each g € L?(w) we define the corrector 6° as the solution of:

0+ M-VO — AP = 0 inQx(0,T),
c = 2z onlx(0,7), (17)
65(0) = 0 inQ,

where z is the solution of (11) with z(0) = g.
With the following result, we prove that this system is well-posed:

Proposition 2 For each ¢ € (0,1) and g € L?(w) we have 6° € L?(Q x (0,T))
and there exists a positive constant C > 0 independent of € and g such that

16°| L2(ax (0.1 < Ce?|g]12(0)- (18)

Proof:

We follow a classical argument, by transposition of system (17). Thus, for
each h € L*(Q x (0,T)), we consider the following adjoint problem (recall that
div(M) = 0):

—uf =M -Vut —eAu® = h inQx(0,7),
u®* = 0 onIx(0,T), (19)
w(T) = 0 inQ.

It is well-known (see for instance [9]) that (19) possesses a unique solution
belonging to the space

Xo := L*(0,T; H*(Q)) N H'(0,T; L*(R))

and which depends continuously on h, that is to say, there exists a positive
constant C. such that
|UE|XO < Ca|h‘L2(Q)

We have also the next result, which will be proved below:

Lemma 3 For each n > 0 there exists C' > 0 independent of € such that

ou
ov

c1/2 < Clhl2x 0.1y (20)

L2(0,T5L2(Ty))

for all h € L*(2 x (0,T)), where u® is the solution of (19), and T, = {z € T :
v(z) - M > n}.



Multiplying the differential equation in (19) by 6%, integrating in Q x (0,7),
and integrating by parts it is not difficult to deduce that

P )anoan =< | [ 5 2
where 7 > 0 is given by (14).
Then if we define the operator
F.:L*(Qx (0,T)) — L*0,T;L*(T,))
ous (22)
h +— 751/2511"7’

which by (20) is well defined, from (21) we have that its dual operator is
Fr: L*0,T; L*(T,)) — L*Qx(0,7))
z - e 1%

Inequality (20) implies || F.|| < C and then || F|| < C, for all € € (0, 1) with
C independent of . This result together with Lemma 1 implies (18). ]

Let us now prove Lemma 3:
We first see that from classical energy estimates we obtain

| oo, ryiz2 ) + €20 L2 o mi ()) < ClhIL2(w),s (23)

for some C > 0.
On the other hand, we multiply the equation in (19) by Au® and we integrate
by parts in Q x (0,7"). We have

b= 15

2
Ou (M -v) —5/ |Auf|?
Q

; / [ (0., 30)(0000%)0,00) = [[ hawe. (20

From (23) and (24) we get

2

a £
L (M v) 2| A s < 2 My |V 2 + 20 2| AuF| 2
< 05_1|h‘%2 +2|h|L2|AU,E|L2
S C€_1|h‘%2 +5|A’U18|%2. (25)
Inequality (25) implies that
5“5 i 12 26
M . I/) S Ce ‘h|L2(Q) ( )

Now, we take a cut-off function ¢ € C*°(R"™) such that



(i) ¢ =1 in a neighborhood of 'y, 3,
(i) ¢ =0 in a neighborhood of (I';,/3)¢ = {z € ' : v(z) - M < n/3}.

Let ¢° = pu®. It follows that ¢ satisfies the system (19) with right hand
side h® := ph — (Vo - M)u® — 2eVp - Vu® — eApu® instead of h.
By (23), we have
|hE‘L2(Q) < C|h‘L2(Q) (27)

and by construction ¢° = 0 in a neighborhood of I'_ = {x € T": v(x) - M < 0}.
Hence, from inequality (26) applied to ¥° we get
e

T
/0/1“n ov

By definition V¢* = Vu® and |M - v| > n on T',. These facts together with
(28) and (27) yields (20). Lemma 3 is proved.

2
M - v| < 2671 |hf|3 - (28)

3.2 Convergence when ¢ goes to zero

Thanks to the result of the previous paragraph, one naturally introduces the
function w® = 2¢ — (z — 6°), expecting to have ‘nice’ estimates on it as ¢ — 0.
Indeed, in our next result we show that we can take g only a little more regular
than L?(w) in order to have a convergence to zero for w®. Of course, the velocity
of convergence depends on how regular g is.

We have the following:

Proposition 3 Let ¢ € (0,1). Then, for all § € [0,1] and for all g € H®(w),
the function w® defined above satisfies

w®| L2 ax 0,1 < |9l 15 (w)

for some C > 0 independent of € and g.

Proof:
We check the two limit cases, and then apply interpolation:

e 0 = 1. Let us consider the function w® = 2° — (z — 6°). It fulfills:

wi + M -Vw® —eAuw® = Az inQx(0,7),
ws = 0 on T x (0,7), (29)
ws(0) = 0 in Q.

Now, if g € Hg(w), by Lemma 2 we have that z € L?(0,T; H*(2)) and
then Az € L2(0,T; H~1(Q)).

Multiplying equation 29 by w® and integrating by parts in 2, we get

10



4 <1/ |w€2d:c> -I-E/ |Vws 2de = —5/V2~Vw5dx
= (/ |Vz|2dx+/ |Vw5|2dx>
2 \a Q

Then, by Gronwall’s inequality and Lemma 2 we get:

IN

(Wt orr2)y < €lzlTz0rm @)

S €|g|?—]é (w)?
which gives the desired inequality for 6 = 1.

§ =0. For all g € L?(w), the solutions z and 2¢ of the equations (11) and
(2) respectively depend continuously on the L?-norm of g. This is also
true for 6° by Proposition 2, so we are done.

By the last two points, we have defined the operators
Ag: L*(w) — L*Qx(0,7)),
Ay Hy(w) — LA(Qx(0,T))

which associates w® solution of (29) to each g (recall that z denotes the
solution of (11) associated to g). From the § = 0 and 6 = 1 cases, we know
that [|Ag|| < C and ||A;|| < Ce!/?, for a positive constant C' independent
of e.

Applying a classical interpolation result (see, for instance, [11]), we have
that As: HO(w) — L*(Q x (0,T)) is well defined for § € [0,1], and

145] < CllAo|'° [ Av]|® < €&/
for a constant C' > 0 independent of € and the proposition is proved.

In particular, from the two previous results we can establish the convergence
of the solutions of the transport-diffusion problem (2) to those of the transport
problem (11):

Corollary 2 For each ¢ € (0,1], there exists C > 0 such that

|25 — z\Lz(Qx(o,T)) < 065/2|9|H6(w)

for all g € H®(w) and all £ € (0,1), where 2° and z are the solutions of (2) and
(11) respectively, with 25(0) = z(0) = ¢g1,,.

In particular, z° converges to z as € \, 07 in the space L*(Q x (0,T)) as

long as § € (0,1].

11



Remark 5 Observe that the fact that

{ |2 — 2| L2ax0,1)) < V(E)|9lL2(w) Vg € L (w) (30)

v(E)—0 as e —0

does not hold can be proven directly.
In fact, take some open set O C Q such that w Cpr O and w\O # 0. From
proposition 1 there exists C' > 0 such that

19|22(w) < Cl2lr2(ox(0.1)) < C|2°|L2(0%(0.1)) + 127 — 2|L2 (0% (0,7)))-

Assume for a moment that (30) holds. Then,

19122y < C(2°|2(0x(0,1)) T Y(E)g]L2(0))-

Taking € > 0 small enough, we deduce that

191L2(w) < Cl2°|L2(0x 0,1

which contradicts the fact that the heat equation is not exactly controllable (see
(3) above).

3.3 Proof of Theorem 1.

For cach g € H%(w) (recall that H%(w) was defined in (6)) and ¢ > 0 let z and
z¢ be the solutions of (11) and (2) respectively, with z(0) = 2°(0) = g1,,.
We have:

922y < Cl2lr2(m,1m:22(0)) by Proposition 1
< C(lz = #le2@xory + 12 2@ riz o))
< C (56/2|g\H5(w) + ‘ZE|L2(T0,T;L2(O))) by Corollary 2
and Theorem 1 is proved. [ |

Remark 6 For each g € L?(w), we can take {g,} C H%(w) such that g, — g
in L?(w). Then, applying the previous Theorem we get the following inequality
for each g, and for each € < gg:

|gn|L2(w) < C(\szz(TO,T;m(O)) + 56/2|9n\m(w)),

where 25 is the solution of (2) associated to gy.

Taking {e,} convergent to zero in such a way that 52/2\gn|H5(w) also con-
verges to zero, we get the inequality for the transport equation, proved in propo-
sition 1 (see (15)).

12



4 Cost of the regional approximate controllabil-
ity

It is well known that equation (8) is approximately controllable in L?(€), that

is to say, for each v > 0 and each f € L?(Q) there exists a control v € L?(O x

(0, 7)) such that
lg°(T) — fle2o) <7- (31)

Indeed, this property is equivalent to some unique continuation property for
the equation (9):
©*=0in O x (0,T) = ¢° =0.

This property is a consequence of the Holmgren Uniqueness Theorem (see [8]
for example) in the case of C*° coefficients, and can be proved with the help of
local or global Carleman estimates (see, for instance, [6]) in more general cases.

But from this qualitative property we can not obtain any information con-
cerning the cost of the approximate controllability, that is to say, the minimal
control L?(0)-norm among all the controls which drive the solution of (8) at a
L2-distance lower than v of the target f € L?(Q).

However, we know that the cost of this approximate controllability coincides
with the L?(w)-norm of the element 7 where the functional

1 T
Taten) =3 [ [efavdi— [ er ot slerliao

attains its minimum (see [4], [5]). Using this approach and with the help of an
estimate of the observability constant (whose existence is equivalent to the null
controllability) in terms of the time 7', in [5] (see also [12]) the authors prove
that given f € H%(Q) N H(£2), the norm of the control needed to have (31)
can be estimated by exp(C/y'/?) as v goes to zero. Here, ¢° stands for the
solution of a heat equation, that is, taking e = 1 and M = 0 in (8). The fact
that the norm of the control needed to approximate some given function goes
to infinity as the error goes to zero is related to the fact that the heat equation,
or equation (8), is not ezactly controllable.

Now, inequality (12) tells us precisely that the transport equation (11) (ac-
tually, its adjoint equation) is exactly controllable -at least regionally-. Then it
is natural to ask if, given f € L?(w), the norm of the control needed to have the
regional version of (31), that is

1g°(T) = flr2w) <7 (32)

remains bounded when, in addition to -y, the coefficient € goes to zero. Related
to this problem, in the works [3] and [7] the authors proved that, under some
natural conditions, the cost of the null controllability of equation (8) goes to
zero as € goes to zero. One of these conditions (which is in fact necessary) is to
take the time T large enough, so is not possible to follow the approach of [5] in
order to prove the analogous property for the approximate control.

13



Here we give a partial answer to this problem: We will prove that inequality
(10), which is satisfied by the solutions of equation (9) under the usual conditions
for w, O and T, implies the existence of some kind of approximate regional
controllability for equation (8) with error (measured in norm H~* for A € (0, 1])
less or equal than some power of the diffusion coefficient ¢ (precisely, e ).
Furthermore, the controls which lead to this property are uniformly bounded
with respect to e.

For each € > 0 we define the space:

Z. = {(ep1, ¢°lox o) : ¢ € Hy (W)}, (33)

where ¢° is the solution of (9) with ¢*(T) = pr1,,.

From the continuity of the solutions of (9) with respect to the initial con-
dition, we have that Z. is a closed subspace of Hj(w) x L*(O x (0,7)), and
therefore, with the scalar product induced by this space, is a Hilbert space. Let
us remark that in fact Z. is a closed subspace of H}(w) x F., where

F. = {¢|loxo,r) : ¢r € H}(w)} € L*(O x (0,7)).

Now, for each € > 0 we define the linear operator

B, : Z. — L*(w)
" 2or, ¢%loxor) — er
Thanks to inequality (10) for § = 1, we directly have the following result:
Lemma 4 There exists C' > 0 and g > 0 such that
Bl <C
for all0 < e < gp.

Therefore we also have that the adjoint operator of B, B : L*(w) — Z.,
is bounded and

|BZ|| < C  for each 0 < € < &o. (34)

Since F. is a closed subespace of L2(O x (0,T)), it can be identified (using
the L2-product) with its dual. Thus, being Z. a closed subspace of H}(w) x Fy,
we have (see for example [13], section 4.8) that the dual space Z! is isomorphic
to the quotient space (H 1(w) x F.)/Z+ where Zt is the set

T
{(h,u)eHl(w) XFE:<h,€1/2goT>711+/O /Ougog =0 W)TeH(}(w)},

called the annihilator of Z..
This means that BXy is an equivalence class in H~1(w) x F. for each y €
L2 (w).

In fact, we can show that for each y € L?(w), By is exactly the equivalence
class of all the y-admissible pairs corrector-control in H=1(w) x F:
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Lemma 5 Giveny € L?(w), we have y = q,(T)|,+e'/2h for each (h,u) € Bly,
where q, is the solution of equation (8) with control u.
Proof:

Fix ¢ > 0 and y € L?(w). For each (h,u) € H *(w) x F. such that By =
(h,u) + Z+, by the definition of dual operator and the construction of B., we
have:

/Q@le”
w

/yB( o1, olox o)) dz

- <B:y,(51/290%SDE|O><(0»T))>Z;ZS

T
= <h,51/2<pT>711—|—/0 /ouapsdxdt Vor € Hi (w). (35)

If we consider the equation (8) with control u and solution g,,, multiplying
it by ¢° and integrating by parts results:

/ / g v dt = / (T ordz  Vor € Hi(w). (36)

From (35) and (36) we conclude that

(hePor)y | = [w-aDerds VereHi@), @D
-b w
that is, e'/2h = y — qu(T) in L?(w). [ |
Remark 7 In fact, we can describe explicitly the mentioned annihilator: It is
not difficult to see that
= {(—e72qu(T),u) : u € F.}.

Moreover, for eachy € L*(2), a trivial pair corrector-control is (€~/%y,0).
It follows that the complete class of such pairs is given by:

By ={(e™*(y — qu(T)),u) : u € F.}.

On the other hand, let us recall that by definition of the norm in a quotient
space we have:

1Byl i1 p . = W {|l-10) + [ulz2(0x 0,1 : ¥ = qu(T)w +€"/?R}. (38)
Then, by (34), (38) and Lemma 5 we have:

Proposition 4 For all y € L?(w) and for all € > 0 there exist u® € L*(O x
(0,T)) and h® € L?*(w) such that:

o (D)l +e 0 =y,
° |UE|L2((’)T) + ‘hE|H—1(w) < C|y|L2(w)

Moreover, we can prove in the same way the analogue statements of Lemmas
4 and 5 and Proposition 4 in the framework of spaces H~% and H®. Tt is clear
that Theorem 2 is a direct consequence of the d-version of Proposition 4.
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